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Fluctuating interface in a dilute sedimenting suspension
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The evolution of large-scale fluctuations in a monodisperse dilute suspension sedimenting in a wall-bounded
container is considered on the basis of a continuum model. The case when the velocity fluctuations are
comparable with the Stokes settling velocity is studied. Small deformations of the sedimentation front is
replaced by a flat interface with a surface force distribution. The front holds position ensuring the vertical fluid
velocity across the front to be small. So it acts approximately as a no-slip wall. The mechanisms of the
fluctuation decay are the convection of large-scale concentration disturbances and the sedimentation-front

deformations.
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I. INTRODUCTION

Hydrodynamic interactions cause velocities of particles
sedimenting in a fluid under gravity to fluctuate about the
mean. Fluctuations in a dilute suspension with random par-
ticle locations were shown [1,2] to grow linearly with a con-
tainer size L'. The disturbance field induced by a particle in
the low-Reynolds-number limit decays at large distances
such as r~!. A slow decay of interparticle interactions is a
cause of a fluctuation divergence for an infinite system.

In the experiments [3,4], the velocity fluctuations may
either converge to finite values as the container sizes increase
or decay over the entire time of the experiments [5]. Large-
scale vortex structures were observed in many experimental
works [4-9]. The effect is due to the hydrodynamic interac-
tions of many particles. The vortex length scale is compa-
rable with the container width initially and then decreases to
several tens of interparticle distance [7].

Koch and Shaqfeh [10] suggested that the long-range hy-
drodynamic interactions are screened because of a nonran-
dom suspension microstructure. Interactions between three
spheres could create a particle deficit near a test sphere. A
short-range pair distribution function increases compared to
a random distribution for particles with their relative position
perpendicular to gravity. The numerical simulations [11] of a
homogeneous suspension found no evidence of the proposed
long-range microstructure. The short-range distribution was
validated using NMR scattering experimental technique [12].
The pair distribution function followed from the measure-
ments is attractive on a range of about one particle diameter.

Different numerical approaches, Stokesian dynamics [13],
lattice-Boltzmann model [11,14,15], and point particles
[9,16—-18] were applied to simulate the particle motion. The
simulations of a homogeneous suspension in a cell with pe-
riodic boundary conditions in all three directions [11,13]
showed the fluctuation divergence in accordance with the
theoretical predictions [1,2]. Particle concentration in this
case is uniform during sedimentation [10]. However, the
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concentration must be inhomogeneous in the vertical direc-
tion. The inhomogeneity arises because of particle deposition
on a bottom wall of a container and a translating interface
between suspension and clean fluid, or a sedimentation front.
It received much attention recently [9,14-20]. Luke [19]
studied the evolution of small density disturbances in a cell
with particle density stably stratified in the vertical direction.
Based on a continuum model for a particulate phase, he ob-
tained a finite variance in the fluid velocity at t>0.

The vertical stratification of the particle concentration
near the front is due to three major factors, namely, self-
sharpening, the polydispersity of the particle size, and veloc-
ity fluctuations. The first effect originates from the depen-
dence of the hindered settling velocity on the volume
fraction [21]. In a dilute monosized suspension, the self-
sharpening and polydispersity is negligible, and the fluctua-
tions only can result in the front broadening. A significant
spreading of the front was obtained by the point-particle
simulations [9,16,17] which set impenetrable barriers for
particle motion on the bottom wall using the method of im-
ages. Other simulations [18] obtained no front broadening. In
the experiments [9], the front width grew linearly with time,
and the broadening was explained by the polydispersity. The
diffusive spreading of the sedimentation front was proposed
[16,17] as a mechanism for the fluctuation decay. The hydro-
dynamic interactions are screened when the stratification ex-
ceeds the critical value.

Another mechanism for the fluctuation decay is the con-
vection of large-scale density disturbances [2,9,14,15,18,20].
Lattice-Boltzmann simulations [14,15] found that the top and
bottom rigid walls cause the velocity fluctuations to damp.
Following an earlier suggestion by Hinch [2] it was con-
cluded that the bottom wall and the interface act as sinks of
fluctuation energy. Large-scale concentration fluctuations
with wavelengths compared to the container width were
found [9] to decay with time faster, and this results in the
decay of the velocity fluctuations. The calculations of the
Fourier transforms of the pair distribution function (structure
factor) [15] and the concentration disturbances [18] showed
that fluctuations with smallest horizontal wave vectors are
suppressed most significantly. This is equivalent to a long-
range deficit in the pair distribution function but character-
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The simulation methods are computationally demanding,
so that the maximum particle number N is usually less than
10*-10°. The continuum model of the sedimentation appears
suitable for large containers since the calculation procedure
does not depend on N, so there are no restrictions on the
particle number. It implies that the distribution of discrete
particles is smoothed out. It describes the suspension dynam-
ics at length scales large compared to the interparticle dis-
tance. It is assumed that the large scales play a key role in the
fluctuation evolution while the suspension microstructure is
of less importance.

The continuum approach was applied previously [19,20]
for a linear case only when the velocity fluctuations are small
compared to the Stokes velocity U,. It was shown [20] that
the convection of particle clusters results in deformations of
sedimentation-front shape which attenuate density distur-
bances near the front. This decay mechanism is significant in
wide containers. The objective of the present paper is to
develop the approach for the regime when the velocity fluc-
tuations are finite. The model takes into account nonlinear
convective effects and avoids problems linked to sharp con-
centration gradients across the front. The paper is organized
as follows. In Sec. II, the perturbation methods are applied to
derive the equations governing the particle concentration and
position of the sedimentation front in a rectangular cell
bounded by two no-slip horizontal walls. The equations are
solved in terms of Fourier series. The numerical results are
discussed in Sec. III. Finally, the results are summarized in
Sec. IV.

II. GOVERNING EQUATIONS

Consider the sedimentation of a homogeneous suspension
of identical particles in a rectangular container. The cell is
bounded by two rigid horizontal walls and periodic in two
horizontal directions. The z axis of the laboratory frame of
reference is directed upwards, e, is a unit vector along the
axis. Particles are distributed randomly over the container at
t=0. They deposit at >0 on an upper surface of compact
sediment. An average particle volume fraction ¢ is small, so
that the effects due to fluid exclusion, the thickness of the
sediment layer, and the slow rising of the sediment surface
with a velocity O(¢U,) can be ignored.

The dynamics of the suspension is described in terms of
the continuous fields of the number concentration, the fluid,
and particle velocities. The fields are averaged over a small
volume containing a large number of particles. The micro-
scopic motions of individual particles within the volume due
to the hydrodynamic interactions of close particles and
Brownian diffusion are neglected. The particle velocity in a
dilute suspension is assumed to be the sum of the Stokes
velocity and the fluid velocity.

The governing equations are nondimensionalized using
the height of the container L', the Stokes velocity Uj, and the
value (L')73 in order to scale the space coordinates, the fluid
velocity u(z,r), and the number concentration n(¢,r), respec-
tively. It is natural to scale the time by the sedimentation
time L'/ U, (it will be shown, however, that there are some
shorter time scales for large containers). The continuity equa-
tion for the particulate phase is then
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d
(9—’:+V-[n(u—ez)]=0, (1)
u=(uguy,u,), r=(xy,2),
n(r s 0sz=<1,
n(0,r) = ) (2)
0, <0, z>1.

The equation is coupled with the dimensionless Stokes equa-
tions governing the large-scale fluid flow at small Reynolds
numbers:

V.u=0, 3)
Vp-Au=-fe, f=6man, 4)
u=0 onz=0;1. (5)

The particle effect on the flow is approximated by the vol-
ume forces proportional to the local concentration. Note that
the dimensionless particle radius a characterizes not a length
scale but the intensity of the volume forces.

The continuity equation (1) involves neither diffusive nor
stochastic-noise terms [15,17,22]. The system evolves in a
deterministic way for given initial conditions. The stochastic
behavior is due to the random initial concentration n°(r). The
density fluctuations induce the fluid velocity fluctuations
which grow as A\? with a wavelength \ [9,11] [see also Egs.
(21) and (22) below]. So large clusters migrate relative to the
average flow and should attenuate much faster. Diffusive
transport with a constant diffusion coefficient D gives incor-
rect reverse dependence on the wavelength, DV2n ~\"2.

The continuity equation with the initial condition (2) im-
plies that particles may freely cross the walls. As a result one
has n#0 as z<0, t>0. However, a finite concentration be-
low the bottom wall does not influence the flow above the
wall because of the no-slip condition. Thus, the bottom wall
acts as a particle sink rather than a barrier for particle motion
[16,17].

The initial fluctuations of particle concentration are
O(N'?), ie., they are small relative to the average concen-
tration n{. So the initial concentration field can be presented
in the form

n’ = ng[l +e1°(r)], (6)
ng =NV =3¢p(4dma’)™!, V= LXL_‘,z?,

e=(N)"" <1, =0(1).

Here N°>> 1 is the initial particle number in the container, L,
and L, are the suspension sizes in the horizontal directions.
We consider the containers of a square cross section,
L,=L,=W. We study either full, zp=1, or partially filled con-
tainers with an initial height of suspension layer z?< 1.
Equation (6) is rewritten in the latter case as

n’=nl[1+ svo(r)]H(z? -2).

The Heaviside step function H is introduced in order to for-
mally partition the cell into the suspension layer below the
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sedimentation front and the clean fluid above the front.

The leading-order initial concentration fields, ng or
ngH(z?—z), are homogeneous in the horizontal directions.
Such fields do not induce fluid flow, i.e., the solution of the
equations governing the fluid motion (3)—(5) is u8=0. The
particle effect on the fluid is balanced by the pressure
p8=—617an8(z})—z). Small density disturbances inhomoge-
neous in either horizontal or oblique directions cause the
fluid motion. A characteristic velocity can be estimated for
thin containers as [2]

u” ~ (pWia)''* ~ NVOBWo  as W< 1. (7)

The particle number N is assumed to be large enough, so that
u° is of the order unity or greater.

As the fluid velocity is expected to remain of the same
order during the sedimentation process, the concentration, to
the leading order, should be nonuniform in the vertical direc-
tion only, ny=ng(z,). The continuity equation governing the
basic-flow concentration follows from Eq. (1):

o 9z
Its solution [20],
n0=n8H(zf0—Z), Zfo=119—f, (8)

is the constant concentration profile below the sedimentation
front. The front travels with the Stokes velocity —e,.

One can seek a two-term solution of Eq. (1) in the form
similar to Eq. (8),

n= ng[l +ev(t,r)]H(z;-2) 9

=n)(1+ ev))H(zp—2)

+n8(1 +ev))[H(zp—2) = H(zp— 2)].
(10)

The expansion takes into account not only the bulk density
disturbances but also the variation of the local position
z/t,x,y) of the sedimentation front. The concentration field
with the average front position z4(#) [the first term in Eq.
(10)] involves only the small volume disturbances enjv;. To
the leading order, the flow due to this field is zero. The
second term corresponds to the layer between the two
fronts, z; and zg (see Fig. 1), where the concentration
n=n sgn(zp—zy) is finite and either positive (a layer of par-
ticles) or negative (a layer of pure fluid). As net density
disturbances are expected to remain O(e) during the sedi-
mentation process, the thickness of the layer must be small,

£=0(1).

Otherwise, if z;—z5»=0(1), the layer is equivalent to O(1)
density inhomogeneities, and it would induce very large, of
the order N*3¢'3>>u°, velocity disturbances. Extra or deficit
particles in the thin layer can be shifted to z. This means
that the second term in Eq. (10) can be replaced by a surface
density distribution,

7=z = &l(t,x,y),
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FIG. 1. Sedimentation front above heavy (left square) and light
(right square) particle blobs.

H(zp—2) - H(zpn - 2) = {8z — 2) + O(&?),
where 6=H' is the & function. Then Eq. (9) is rewritten as

n=nJ[H(zp —2) + evH(zp - 2) + {8z — 2)] + O(2).
(11)

It is uniformly valid for all times provided the front defor-
mations remain small.

The momentum equation (4) with the account of Eq. (11)
is rewritten as

Vp—Au=-evH(zp—2) + {8z - 2)],

y=6ma NV = 0(1). (12)

Here the first term in the square brackets is the contribution
due to the volume forces. The effect of the thin layer of
particles or pure fluid near the interface is equivalent to sur-
face forces (second term) proportional to the layer thickness.
The deformations are due to vertical velocity fluctuations.
Hence one should also assume that the fluid velocity at the
interface is small, uzf:uz(t,x,y,zfo)=0(su°), to ensure \zf
—Zﬂ)| = 0(8)

Heavy particle blob (left dark square in Fig. 1) induces
downward flow in a nearby region. After some time the sedi-
mentation front above such an inhomogeneity will be lower
than the basic-flow position zs, while that for inhomogeneity
with reduced concentration (right light square) will be
higher. The difference in the weights of the two halves of the
container tends to diminish. Thus, the deformation of the
front provides the decay mechanism of initial density fluc-
tuations. The deformations cease to grow when the vertical
fluid velocity at the interface becomes small. The effects of
the volume and surface forces on u,, cancel out.

A. Equations governing disturbances of bulk concentration
and front position

Even though the fluctuations of the bulk density and the
front position are both small, the convective term nu in the
continuity equation (1) is nonlinear when u°~ 1. The term
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describes the convection of large-scale heavy and light clus-
ters, changes in their shapes and magnitudes. The coupling
occurs mainly between disturbances with comparable length
scales. Large blobs do not transform directly into many
small-scale disturbances. Thus, the suspension microstruc-
ture and the interactions of close particles are not relevant for
large scales.

Substituting the expansion (11) into Eq. (1) and omitting
terms O(&?), one has

H(zﬂ)—z)[%+(u—ez).vm]

+ 8z —z)(ﬁ—§+u a—§+u a—g—s_lu —uv)
A at Y ox y&y @

-8 (zp—2u.{=0.

The last term in the second brackets is out of order compared
to £~'u,. The last term in the left-hand side can also be ne-
glected as du,/ dz is small. Equating separately the first and
second terms to zero one obtains the equations governing the
disturbances of the bulk concentration,

Jd

D (u-e) Vi =0, (13)
ot

1,(0,r) = 1) =n"ng - 1,

and the disturbances of the front position,

¢ 9¢ 9¢ -l
o + o + uyf(?_y —uye =0, (14)
£(0,x,y) =0.

The last equation is the Lagrange form of the continuity
equation for particles being at the front. It is uniformly valid
for short and long times. The velocity at the interface u, can
be taken at zp.

The system (3) and (12)—(14) involves four dimensionless
groups, namely, y (or, equivalently, u°) characterizing the
magnitude of the fluid velocity, inverse square root of the
initial particle number € < 1, and the two geometric param-
eters, W and z;)-.

B. Solution in terms of Fourier series

The concentration field of a sedimenting suspension is
strongly nonuniform in the vertical direction near the sedi-
mentation front. The difficulties due to Gibbs phenomenon
arise when the field is calculated in terms of Fourier series.
Nonvertical bulk disturbances and front deformations are
small, of order N~!/2, relative to the average concentration.
However, one should resolve them properly as they only in-
duce the fluid flow. The above decomposition of the bulk and
interface motions enables us to avoid the problem.

The solution of the linear (3), (12) and nonlinear (13),
(14) equations is constructed in terms of two-dimensional
(2D) and 3D Fourier series. The flow is periodic in the two
horizontal directions, and all the fields v=(u,p, v,,{) can be
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sought for the arbitrary initial distribution v(l) in the form

v= 2 viexplikx+ky)], V(L) ="p 00,
keky

k1=m[27T/LZ, m1=0,il,12,...,

I=x,y. (15)

The solution for the Fourier coefficients of the velocity
field follows to Refs. [18,20]. Substituting expansions (15)
into Egs. (3)—(5) one obtains the system of ordinary differ-
ential equations for v':

*

Lo « du
ik, + kyuy) + d—; =0,

ikp" = A'u; =0, I=xy, (16)
A u=-elf gy —2) +fy 8z - 2)],

u'=0 onz=0,1,

* dz
A =— -
dz*

I R T
ki, ki =ki+ky,

L= fr="
Excluding p*, u.

> and u. one transforms Eqs. (16) into a
single equation for the vertical components of the Fourier
coefficients:

Au] ==K [f,H(z0—2) + 18z - 2)]. (17)
. du.
uz=d—;=0 onz=0;1. (18)

The conditions on the sedimentation front are

d(i)uf dDy”
W(ZﬂﬁO)—?(if(zﬂ)—O):O, i=0,1,2,

du. du; *
dzaZ (?f0+0)_z3z(?f0‘0)=‘k2iff' (19)

The jump condition for the third derivative is due to the &
function in the right-hand side of Eq. (17). An arbitrary con-
centration field can also be expanded in terms of Fourier
series in the vertical direction:

= vexplik,z),
k.

v(tr) = vexp(ik 1), k= (k.ky,k,)=2mm/L,.
k

(20)

Then the solution of the system (16) is
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~ ) 4 _
. Ekzbfvexp(zkzz)+2j=1aj<pj as  z<=zp,
u = '

>t oar >
=1 &% A 222,
(21)
! 2 2,12, 12
b - E(kaZ’ kykz’_ kl)’ k2 = kx + k)‘ + kz s
+ + o+ o+ + ik[ + + ikl N
aj = (ajx’ajy’ajz)’ as; = k_a3za ay=- k—a4z, = Xy,
L1 1
pro=exp(xk,z), ¢34=zexp(zk, z). (22)

Sixteen unknown constants, a;f'z, 1<j<4, and afl, j=1,2,1
=x,y in Eq. (21) are found uniquely in order to satisfy the
boundary conditions (18), the no-slip conditions for the hori-
zontal components, and the conditions on the interface (19).

The equation for the 2D Fourier transform of the front
position follows from Eq. (14):

&(y ‘ ot , ;M R
;+12 [ (ke + Ky )] - e7'ul, =0, (23)
Kk

where ¢"*=7"(k’), u*" =u*(k"), K"=k-k'.

In order to solve the nonlinear continuity equation (13) in
terms of the 3D Fourier series of the concentration 7, one
should expand the 2D Fourier transform of the velocity field
(21) in terms of 3D Fourier series,

u' = E u exp(ik.z), (24)
k'(

GEDIRE WM f " exp[— i(k, — k!)z]dz

k! 0

¢ 0
+ la}f @ exp(-ik,z)dz
j=I 0

1

+ a;ff @; exp(= ikzz)dzj| . (25)
o

Then the equation governing the 3D Fourier transform of the

concentration field can be written as

-
&L ikF+iS K W =0. (26)
o TS

The sums in Egs. (23) and (26) correspond to the nonlinear
coupling of different modes. Even though the vertical modes
with k, =0 do not induce the fluid motion they should be
taken into account in the sums.

The systems (23) and (26) with the infinite sums describe
exactly the convective motion of the particulate phase pro-
vided the effect of finite particle size on the hydrodynamic
interactions is neglected. Hence, they are equivalent to the
system governing the interactions of point particles. The nu-
merical treatment of the problem requires truncation of the
expansions with a number of harmonics great enough to re-
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solve properly the evolution of large-scale fluctuations. The
truncated Fourier series result in the smoothing of the con-
centration and velocity fields. They were applied previously
in the point-particle simulations [9,17,18]. It follows from
Egs. (21) and (22) that the velocity Fourier coefficients are
proportional to k2, so a dominant contribution to the veloc-
ity fluctuations comes from smaller k. Thus, the coupling
between long waves is most important for the velocity fluc-
tuations.

The sums in Egs. (23), (24), and (26) are truncated at
some my,,, so that all the modes with |m,|, |m,|<niy,,,
Im.| <mu W' are taken into account. Large My Makes
the sum evaluation computationally expensive. Total number
of the modes is N,,= (20 + 1) (2rpey/ W+1) ~m? . Each
mode may interact with all others, so the number of opera-
tions in the convolution sums grows like N2 ~m®_ . We take
3<my, =6 in the calculations. The point-particle simula-
tions [9], which tried to resolve smaller length scales of the
order of the interparticle distance, used 5<m, < 12.

The exact velocity field followed from Eq. (21) is smooth
on the sedimentation front, unlike the concentration field,
and can be approximated well by the truncated 3D Fourier
series (24). A relative error is less than 0.04 for the horizontal
components in a cubic container and only 0.01 for the verti-
cal one when m,,,=5.

Fourier coefficients for opposite wave vectors are related
by #(k)=%(-k), {"(k)={"(~k), where the overbar denotes a
complex conjugated value. Thus, it is sufficient to solve Eqgs.
(26) and (23) over a half of Fourier space. The equations are
integrated over time using the fourth-order Runge-Kutta rou-
tine. The concentration n is evaluated using the inverse Fou-
rier transform (20) and Eq. (9).

An initial inhomogeneous particle concentration in the
cell is specified for the random distribution in terms of the
concentration Fourier coefficients. The complex values 7°
are set by the real and imaginary parts distributed normally
so that [19]

(7 =NO/(V07188)2 =1,

k]

(#7Y=0 ask#k'.
(27)

The ensemble-averaged fluid-velocity fluctuations are evalu-
ated in terms of the 2D Fourier coefficients,

1 F s ® ok
y=—-2 (Ut + ).

1 —

2 EES
u)=—— u,u,),
W= —3 i) )

LiLy,
The fluctuations are calculated over the whole container, not
only over a viewing window in the middle part. The relative

statistical error of the results averaged over 100 runs is usu-
ally less than 0.07.

III. RESULTS

The particle volume content is fixed in the calculations,
¢=0.01, the initial particle number N° varies in the range
10°~107. The present theory is applicable when the container
is not too tall. The no-slip boundary conditions are satisfied
on the horizontal walls only, while for the side walls the
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00 01 02 03 04 x

periodic boundary conditions are set. This means that the
ensemble-averaged fluctuations (uf) and (ui) do not vary in
the horizontal directions. The vertical no-slip walls may play
an important role for tall containers [23]. In the experiments
[8], parabolic profiles of velocity fluctuations across the cell
were observed at small aspect ratios. In the calculations, the
container width W varies in the range 1/3—1. Most results
are obtained for an elongated container with N°=10°,
W=0.5. Then the other dimensionless parameters for the
full container are a=1.81 X 1073, u°=1.31. The maximum
number of Fourier modes is usually m,,=5, so that the
total number of the modes taken into account is N,
= (2mypax+ 1) 2 (20 0/ WH+1)=2541.

A. Characteristic times

The initial position of the front z? can be taken arbitrary in
the calculations. Characteristic times 7; it takes for the front
to adjust to position ensuring u,,=O(e) are different for the
full, z?: 1, and partially filled, zf< 1, containers.

Simple scaling arguments enable us to estimate the time
7? for the partially filled container. When z?< 1, the vertical
velocity at the interface is finite initially, u_,~u". It remains
finite during a short time required for the front to translate a
distance O(e) relative to the basic front position zg. This
time can be estimated as

h=el =NPg w0 <1

For the full container, z?:l, the time 7'; of the front
deformation is greater. The sedimentation front is close
to the upper wall at short times. The fluid velocity is small
there, u,=du,/dz=0 on z=1 because of the no-slip condi-
tions. So the velocity can be estimated near the wall as
u.~u’(1-z)*/W2. The front translates initially with the con-
stant velocity —e,, and zp=1-1. Hence, the disturbance ve-
locity at the interface u_, slowly grows with time such as
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0.2 FIG. 2. The vertical fluid velocity across the
0.4 sedimentation front for the partially filled, zg
0.6 =0.8, container at (a)—(c) =0, 0.005, 0.01, 0.015.

u’t>/ W?. The disturbance of the front position at short times
then can be estimated as {~u’r?/eW?. It becomes of the
order unity at a time

7§: (8W2/u°)1/3 =N_2/9¢_1/9W11/18.

Another time scale is a time 7, it takes for blobs to trans-
late distances compared to the container height. The convec-
tion time is

o= 1= NV 13w 1/6

The above estimations are rather conventional. However,
both times are small compared to the sedimentation time, Th
7.<1, and 7,<7, for large containers as N>>1. The time
step for the numerical integration of Egs. (26) and (23) is
Ar=0.017,.

For the partially filled container, the characteristic time of
the front deformation is very small, 7?:2.42>< 1073, com-
pared to the convection time 7.=0.765 when N°=10°,
W=0.5. The temporal behavior of the vertical fluid velocity
across the interface is shown in Fig. 2 for the random con-
centration field and container with the initial height of the
suspension z?=0.8. The velocity disturbances are finite ini-
tially and decay very fast. So the front does act as the no-slip
wall at > *Hf’ In the full container with z?=1, the time
7'ch=0.0846 is greater but still small compared to 7. In this
case uy equals zero initially due to the no-slip condition on
the upper wall, grows at times compared to 7§ and then
decays.

B. Velocity fluctuations

Figures 3 and 4 show <u§) and (uzl) correspondingly as
functions of vertical coordinate for various m,,,, , N°, and
W. The initial maximum values of (uf) is proportional to N'/®
in accordance with Eq. (7) and fairly depends on the dimen-
sionless container width. Initially the vertical fluctuations in
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N°=5x10°, W=1/2

957 @
<y >
z
0.4
0.3

0.2 1

0.1

0.0
1.5+

(b)

<u’>
z

1.0
0 - T T T T 1
15- 0.2 0.4 0.6 0.8 5 1.0
<i’>1 (@ Ne=10, w=1/3
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/[ "
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FIG. 3. Fluctuations of the vertical velocity (uf) in the full con-
tainer as functions of z for various particle numbers and container
widths. Dashed lines are the average sedimentation-front positions
zp for (a) t=0.1, 0.2, 0.3, and (b)—(d) #/7,=0.1, 0.2. Bold lines
correspond to the results obtained with my,, =5, light lines in (a),
(b) - with m,=4. (a) Symbols are the results obtained by the
point-particle simulations [18] with n,,,=4.

the tall containers have plateaus in the middle parts, while
the horizontal ones have maxima near the walls. The fluctua-
tions are small in the clean fluid above the interface where
the volume forces are zero. Both the vertical and horizontal
fluctuations are small at the front. Therefore, the front acts,
to the leading order, as a no-slip wall. u_; is scaled like N='"2,
so it is greater in the small container [see Fig. 3(a)]. The
front deformations damp the velocity fluctuations in a layer
near the interface of a thickness O(W/2). In the bulk, the
fluctuation decay is due to the convection of large particle
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FIG. 4. Fluctuations of the horizontal velocity <ui) as functions
of z.

clusters [2,9,14,15]. Heavier and lighter blobs convect to one
of the two interfaces and are absorbed by the density gradient
at the interface.

The Fourier coefficients u” are proportional to k™2 [see
Egs. (21) and (22)], so the dominant contributions to (u?) and
(ui} come from small k, or from large-scale disturbances.
The contributions of short-wave disturbances, which are due
to microstructural rearrangements in the bulk, are small. It
can be seen in Figs. 3(a) and 3(b) that the initial fluctuations
calculated for m,,=5 exceed only slightly those for m,,
=4, so the contributions of extra short-wave modes at t=0
are small indeed. The agreement of the dependences ob-
tained with different m,,,, is even better for 1> 0. Therefore,
the fluctuation decay is due to the convection of large-scale
disturbances with length scales compared to the container
width. The results for the small container [Fig. 3(a)] agree
well with the point-particle simulations [18]. (u?) in the large
containers decay faster because of the nonlinear convective
effects. Significant decay is obtained in the largest container
with N°=107 [Fig. 3(c)] during a short time of the order of
0.17.-0.27,, when the sedimentation front is still close to the
upper wall. (u* ) decay with time also but to a smaller degree
than the vertical fluctuations. As a result the ratio (u?)/ (ui)
diminishes with time in agreement with the experimental ob-
servations.

The convection decay mechanism can be illustrated for an
artificial concentration field. Figure 5 shows the evolution of
two large cubic blobs. The large concentration disturbances
induce a strong counterclockwise vortex. The heavier and
lighter blobs do not simply settle or rise but also interact with
each other. The nonlinear convective terms in the continuity
equation take into account blob changes due to the interac-
tions. The significant transformations occur when the blobs
are brought close together. When they approach the bottom
wall and the front, their vertical velocities tend to the Stokes
velocity, and the vortex stretches them in the horizontal di-
rection. The stretching results in the extra decay of long-
wave horizontal modes. Afterwards, the heavier blob depos-
its on the bottom wall. The lighter one is not absorbed but
remains near the sedimentation front thus reducing the con-
centration in this region. For this reason lighter inhomogene-
ities are even more important for the decay. The accumulat-
ing of lighter and heavier blobs near the interfaces is also the
cause of vertical stratification (see Sec. III D).
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C. Comparison with experiments and linear continuum theory

The vertical velocity fluctuations are compared with the
linear-theory predictions [20] and the experimental results
[7]. The linearized solution similar to Eq. (11) was obtained
for the case when both the concentration and fluid-velocity
fluctuations are small:

t
v = v(l)(x,y,z+ N, (= s_lf udr, as lul < 1. (28)
0

The linear theory neglects the nonlinear terms, u- Vv, in Eq.
(13) and uxfgf+uyf§y£ in Eq. (14), i.e., it ignores the convec-
tive motion of lighter and heavier blobs. The initial distur-
bances 1 translate downward with the Stokes velocity —e;.
However, the theory accounts for the front deformations ¢
which are equal to the net number of particles passing
through the basic-flow sedimentation front when |u| < 1.

In the experiment [7], the mean vertical velocity V, and
the velocity variance relative to the mean (uf)/V” were
measured for a=3.7X 107%, $=0.0005, W=1/2 which cor-
respond to N°=5.89 X 10°. The results were averaged over
the viewing window, 0.275<7<0.625. Figure 6(a) com-
pares the experimental and theoretical fluctuations <u§> for
the above N°, ¢, W averaged over the viewing window and
over 100 runs. Initial values for the linear and nonlinear
theories are the same within statistical error, as they corre-
spond to the random Poisson particle distribution (27). In the
experiment, the large values at short times can be attributed
to a nonrandom initial density distribution. Both experimen-
tal dependences, \/<u_§>/ V, and V|, decay slowly at long
times. As a result <u§) evaluated from the data exhibit a faster
decay, and no steady-state value is attained. The theories
predict very weak decay initially when the sedimentation
front is close to the upper container wall and far from the
upper boundary of the viewing window. The point-particle
simulations [9] also showed only small change in the fluc-
tuations in a central sampling window at small times. The
theoretical curve (solid line) agrees well with the experiment
at t>0.2. The discrepancy between the present theory and
the linear-theory predictions (dashed line) ignoring the con-
vective effects is due to the blob convection. The effect is
more pronounced for greater initial fluctuations. <u§> is
evaluated for the same container but greater concentration,

0.96 FIG. 5. Interaction of large
1.00 heavy and light blobs. Concentra-
tion fields n/ng across the con-
tainer width at (a)—(d) ¢=0, 0.05,
0.1, 0.15.

¢=0.002 [Fig. 6(b)]. The initial fluctuations are proportional
to ¢, so the nonlinear effects are greater in this case and
result in faster decay. The difference between the two theo-
ries is significant at finite times and it grows with ¢.

D. Average particle concentration

The vertical stratification of particle concentration has
been studied recently [16,17,19] as a possible mechanism of
fluctuation decay. The stratification in a dilute monosized
suspension was attributed to the diffusion of the sedimenta-
tion front. The point-particle simulations [9,17] predict sig-
nificant front broadening, while other simulations [15,18]

0.5+ .
<uzz>
0.4 (a)

0.3+

0.2

W experiment (Guazzelli [7])
0.14 - - - -linear theory (Asmolov [20])
non-linear theory (present work)

0.0 T T T 1

FIG. 6. (a) Comparison of the vertical-velocity fluctuations av-
eraged over the viewing window with the experimental data by
Guazzelli [7] for ¢=0.0005 and the linear-theory predictions [20].
(b) The difference between the two theoretical predictions is greater
at ¢=0.002 because of the nonlinear convective effects.
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FIG. 7. Profiles (n(z)) for (a) cubic container, W=1, N°=5000
and (b) thin container, W=0.5, N°=10°. Dashed lines are the aver-
age positions of the sedimentation front zy(). (a) Symbols are the
predictions of the point-particle simulations [18].

gave a relatively small growth of the front width. In the
middle part of container, only small vertical concentration
gradient was obtained [14,15].

Within the continuum approach, a sharp interface between
the suspension and the clean fluid is introduced. A side view
of the deformations of the sharp front looks like the front
diffusion, and this was the treatment of some space- or
ensemble-averaged observations in the experiments and
simulations.

The average concentration n is calculated using inverse
Fourier transform and equation (9), i.e., n(x,y,z)=0 when
the point is above the front, z>z,(x,y), and n=n8(1+sv1)
for z<zp The results are averaged over 625 points, x
=0.04L,i,, y=0.04Li,, 1 =i,,i,=25, in horizontal xy planes
and over 100 runs. Figure 7(a) shows profiles (n(z)) calcu-
lated for various 7 in the medium cubic container, W=1, N°
=5000, using the continuum model. For comparison the re-
sults obtained by the point-particle simulations [18] are also
shown. The agreement of the two approaches is good. The
concentration gradient is large on the horizontally-averaged
sedimentation front. The front width grows only slightly with
time. Thus, there is no evidence of the diffusive spreading of
the interface. Smaller gradient is obtained in the bulk. The
stratification cannot be explained by the front diffusion as the
concentration varies not only near the front but also near the
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bottom wall. It is due to the effects illustrated in Fig. 5.
Heavy parts fall faster in the middle of the cell. As they
approach the bottom wall, their velocities diminish and tend
to the Stokes velocity because of the no-slip condition. They
accumulate in this region, and the concentration increases
there. Light blobs migrate toward the front. They remain in
the vicinity of the front, in contrast to the heavier parts,
which deposit on the bottom wall. As a result the deviation
of the concentration from n is greater near the front.

The profiles in the large tall container [Fig. 7(b)] are simi-
lar. The concentration gradient is small in the middle part of
the container where the viewing windows in the experiments
are located. The similar results were obtained by lattice-
Boltzmann simulations [14,15] for dense suspensions. A rela-
tive width of horizontally averaged front scales like (N°)~"/2.
So the horizontally averaged front is sharper in large contain-
ers, and the border between the front and the stratified region
is more distinct. The front width does not vary with time.

IV. CONCLUSIONS

The evolution of the large-scale fluctuations of particle
concentration and velocity in a sedimenting suspension has
been simulated on the basis of the continuum model. The
case when the fluctuations are comparable with the Stokes
settling velocity has been studied. The equations governing
the bulk concentration and sedimentation-front position have
been derived using the perturbation methods with &
=N""2« 1. The approach has enabled us to avoid the prob-
lems due to the use of Fourier series for sharp concentration
gradients and to sort the effects of the nonlinear coupling and
the front deformations on the fluctuation attenuation.

The fluctuating sedimentation front is equivalent to sur-
face forces acting on a fluid flow. The front holds position
ensuring the dimensionless vertical fluid velocity across the
front to be O(e). So it acts approximately as the no-slip wall.
Its small, of order &, deformations damp the velocity fluctua-
tions in a layer of a thickness O(W/2). The effect is greater
for wide containers with a greater front area. The fluctuation
decay in the bulk of tall containers is due to the convection.
Large blobs migrate relative to the average concentration
field and attain the suspension boundaries faster. They meet
on their path other clusters more often and transform because
of the nonlinear coupling. For this reason their attenuation is
faster.

The horizontally averaged sedimentation fronts are sharp
in large containers, and their width vary only slightly with
time. There is no evidence of the diffusive spreading of the
interface. The vertical stratification in the bulk is due to the
nonlinear convective effects. Lighter and heavier particle
clusters migrate across the container height and accumulate
near the interfaces.
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